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Signal Set Design with Constrained Amplitude
Spectrum and Specified Time-Bandwidth Product

Girish Chandran and Jules S. Jaffe

Abstract— A new method for designing signals with a given
time-bandwidth product, such that all the signals in the set have
a flat amplitude spectrum and have low cross-correlation function
values is introduced. It is shown that these signals lie on a signal
parameter space ellipse. For a given duration and bandwidth, it
is possible to trade off the cardinality of the set for better cross-
correlation properties between remaining members of the set.
Proof that the cross-correlation between these signals is bounded
from abeve by a factor proportional to the square-root of inverse
distance between these signals along one of the axes of the ellipse
is given. It is also shown that the cross-correlation between two
signals that are furthest apart is bounded by the square-root
of inverse time-bandwidth product of the signals in the set. An
example design is then given and a comparison of this signal
set to some well-known signal sets illustrates that it performs
better when the metric is maximum cross-correlation value. The
proposed signal set also has the advantage that it can be designed
for any time-bandwidth product instead of discrete values.

I. INTRODUCTION

ONSIDERABLE effort has been devoted to the problem

of synthesizing signal sets that have low values of cross-
correlation at all lags and low values of auto-correlation at
nonzero lags [1]-[5]. The need for such signal sets arise in
many applications. One such application is a code division
multiple access communication system that provides multiple
users with signals that utilize the full bandwidth of the channel.
Such a system requires a large number of signals in the
set and for unambiguously separating the different signals,
low values of cross-correlation. This work evolved out of
trying to design signals for a multibeam imaging scheme
that transmits multiple signals for fast imaging rates [6], [7].
There is no attempt to have a large family of signals. In fact,
when examining existing signal sets for this application, it
seemed that there must be a way to trade off large family sizes
of popular signal sets for smaller values of cross-correlation
between members of the set. An additional criterion signal set
design is for all the signals to use all the available system
bandwidth. In this application, detection of discrete targets in
the image and the ability to estimate target parameters are
important.
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For target detection, there is often a requirement to max-
imize the signal-to-noise ratio (SNR) at the output of the
receiver. Both Bayes and Neyman—Pearson strategies to op-
timize the probability of target detection maximize the SNR
at the output of the receiver [8], [9]. To maximize the SNR
at the output of the receiver, a receive filter with the inverse
backscattering spectrum can be used. An alternative design
philosophy is to have the transmitted signal be the inverse
backscattering spectrum [10]. SNR at the output of a receiver
can be raised by an appropriate choice of signals. Using a
narrow band signal could cause severe time-varying fading
when the transmitted signal, reflecting from various parts of
the target destructively interfere with each other. Using a
signal whose spectrum is broad enough to cover nulls in the
backscattering spectrum will ensure that there is reasonable
SNR at the input to the receiver, even when some frequencies
are attenuated.

Let the Fourier transform of unit energy signals s; be defined
as Si(f) = [122 si(t)e 72" tdt. For i = 1,2, N let

LwlSinrdr
Ty SN
SIS df

The fraction of energy outside the band of interest [—W, W]
(determined by the backscattering spectrum), is bounded by
€, 0 < € < 1. The signal that maximizes the SNR at
the receiver output is an eigenfunction corresponding to the
maximum eigenvalue of the Fredholm integral equation

T

Aisi(t) = /i Si(t)zww
2

W=7 "

where T is the duration of the signals. In fact, the signal
set S = {s1(t),s2(t),---} consisting of eigenfunctions cor-
responding to the ordered sequence of eigenvalues A\, >
Ay > A3 > is the set of angular prolate spheroidal
wave functions [10]-[14]. Of these, the first 2WT signals
have significant energy in [—Z, Z] x [-W, W] and will give
SNR’s that are large and comparable. Although these signals
are orthogonal, the cross-correlation between the signals is
not zero for all lags.

In this work, a systematic design procedure for design-
ing signals with a given time-bandwidth product (both time
and bandwidth are independently specified) such that they
satisfy a flat spectral amplitude constraint and have low cross-
correlation values is introduced. Section II introduces the
conditions that are to be satisfied by all the members of
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the signal set and shows that the shape of the ideal cross-
correlation function should be a constant function over the
support. Since the amplitudes of the signal Fourier transforms
are constrained to be flat, only the phase of the transform can
be specified to satisfy the other constraint. The reason for the
choice of a quadratic phase structure for the Fourier transforms
of the signals is discussed in Section IIL It is shown that
the quadratic coefficients are constrained to lie on an ellipse
in the signal parameter space, by the choice of the duration
and bandwidth of the signal set. It is shown that the cross-
correlation between signals varies as the square-root of the
inverse distance between signals along one axis of the ellipse.
Proof that the cross-correlation between two signals that are
furthest apart in the set varies as the square-root of the inverse
time-bandwidth product of the signals in the set is given.
The results of a design using the method is then presented
in Section V. The trade-off involved between the number of
elements of the signal set and the cross-correlation between
signals in the set is made clear using an example. Finally, a
comparison of the new design with some older ones is made.

II. SIGNAL SET DESIGN SPECIFICATIONS

A. Constraints Imposed on the Signal Set

The properties that characterize the signals belonging to
the set are outlined below. All the signals belonging to the
set should have the same energy. Without loss of generality,
it can be assumed that all the signals have unit energy. For
the receiver to distinguish between signals, another condition
is needed. The cross-correlation between signals is required
to be small. The correlation conditions have been used in
designing other signal sets [3]. Finally, all the signals in the
set are constrained to have the same flat amplitude spectrum.
To state these constraints mathematically, design a set of
signals given by the set S = {s1(¢),s2(¢t),---,sn(t)} that
are Ly(=F, Z) with a corresponding set of Fourier transforms
S ={S1(f), So(f), -+, Sn(f)} satisfying the following con-
ditions.

Condition I:

L

/— lsi(t)?dt =1; i=1,--+,N. (1)

2
Condition 2: For some x > 0 and for all 7 < T
Z7]:l77N1

[ (T)| < K3 i#] 2

where the cross-correlation R; ;(7) between signals s;(t) and
5;(t) is defined as

+T
R, ;(m) = / si(t)sj(t —m)dt; 7<T.
-T

It will be shown later how the value of x relates to the
time-bandwidth product.
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Condition 3: For i = 1,2,---, N

{041; Ifl < W,
az(f)?

3
7> w @
where 1 s a constant and s (f) is positive function such that
[721S:(F)2df = Land [7, [Si(f)PPdf =1—¢, 0 <e< 1.
The signals are essentially band-limited with the amplitude of
the Fourier transform as specified.

1S:(f)]

B. Shape of the Ideal Cross-Correlation Function

The cross-correlation R, ;(7) between signals s;(t) and
5;5(1) can also be written as

o0 )
R j(r) = / S(NSI(HE™IT . @

=00

Tt follows from (3), (4), and Plancherel’s relation that

+T +o00 +7T
/ (P = [ s - / R

— 00

Since s;(t)’s are unit energy signals (Condition 1), | R; ;(7)!
is a bounded continuous function on a bounded interval
[T, T]. ijT |R; ;(7)|?dr is, therefore, finite. Hence, so is
fj;o |S;(f)|*df. The equality shows that the area under the
squared magnitude of the both cross and auto-correlation
functions is a constant. Since uniformly low cross-correlation
values is of primary interest, it can be reasoned from the
equation as to what the shape of the ideal cross-correlation
function should be. It should be a constant function with
a support [—T,T] to achieve the uniformly lowest values
possible. Any other shape for the function will have some
values which are larger than that obtained for the constant
function.

III. PHASE FUNCTION IN THE FREQUENCY DOMAIN

It can be shown that the functional form or the shape of
the complex envelopes of the signal in both the frequency and
time domains will be approximately rectangular if the phase
functions for the signal in the time and frequency domains
are quadratic [15]. This provides a starting point. Functions
with nonlinear phase structure in the time domain are usually
termed pulse compression signals in radar and sonar literature.
One type of pulse compression signal is the linear frequency
modulated (FM) signal. Linear FM signals or chirps were first
studied more than three decades ago. These signals have a
quadratic phase structure in the time domain. It has been
shown that the amplitude of the Fourier transform of the
chirp signals can be made reasonably flat with a large time-
bandwidth product [16]. By duality of Fourier transform, it
follows that if the Fourier transform of a signal has a constant
amplitude and quadratic phase structure, then the signal itself
will have a complex envelope whose amplitude is reasonably
flat for large time-bandwidth products.

From (4) and the discussion above, the strategy for the
design of signals is clear. Choose signals that have a constant
amplitude and quadratic phase structure in the frequency
domain. The product of the Fourier transform of one signal
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and the complex conjugate of the Fourier transform of another
will still be a constant amplitude function. The phase function
of the product of Fourier transforms will be the difference
between the two quadratic phase functions of the individual
signal Fourier transforms. Since the difference function also
has to have a quadratic phase, quadratic coefficients for the
individual signals is chosen appropriately. Let

si(t) = pi(t)e!* O ®)

and let the Fourier transform of s;(¢), S;(f) be given by

Si(f) = |Si()le?* ) ©
where the phase of signal S;(f) is
0:(f) = aif* + bif +ci. @)

However, from (7) it is not clear how to pick the values for
a;, b;, and ¢; for the signals.

A. Dependence of the Quadratic Coefficients on the
Duration and Bandwidth of the Signals

Since the duration and bandwidth of the signals are fixed and
known, it seems unreasonable that the quadratic coefficients
can be chosen arbitrarily. In fact, there is a relation between the
duration, bandwidth and the quadratic coefficients. To arrive at
the rule to pick these quadratic coefficients, some additional
definitions are needed.

Assume that all the signals in the signal set have the same
root mean square (rms) duration ~ and rms bandwidth 3, where
using the usual definitions

,YZ _ (27r)2 /+oo
Lo
B2 = (2m)? / P21 P ©)

t2|s:(t)|2dt (8)

where s;(t) and S;(f) are from (5) and (6). In other words, for
signals with unit energy, the rms duration is the square root of
the second moment of the magnitude of the complex envelope
of the signal in the time domain and the rms bandwidth is the
square root of the second moment of the complex envelope
of the magnitude of the signal in the frequency domain. Rms
duration +y can be expressed in terms of the frequency domain
parameters and rms bandwidth 3 can be expressed in terms of
the time domain parameters as follows [15]:

+o0

72:/ |S{(F)Pdf (10)
“+oo

g = / 151(8) 2. (1)

Using the above definitions, it can be shown without diffi-
culty (Appendix A) that the equation governing the relation-
ship between the quadratic coefficients and the rms duration
and rms bandwidth is
a; b?

s+ L =1,
(F)

il M

(12)

In terms of the duration 7" and bandwidth 2W

2 2
a; + b; 1

(z2) " GIF (13
2W 3

Given the signal duration and the signal bandwidth, it can be
seen from (12) and (13) above that the quadratic coefficients a;
and b; lie along an ellipse. Each point on the ellipse, (a;, b;),
represents a quadratic phase function 6;(f) and, thus, a signal
$i(t). The semi-minor axis has a length 2ZL and the semi-
major axis has a length 2%. Thus, for different durations and
different bandwidths, there are different signal ellipses.

B. An Upper Bound for the Maximum Cross-Correlation

The cross-correlation function can now be examined. Sub-
stituting (A1), (6) and (7) in (4)
2
51)

. ej(Aa,f2+Abf+Ac)e2Trjdef + 0(62) (14)
where

Aa:a,‘—-aj; Ab:bi—-bj; AC:CZ‘—C]‘
and 2W is the bandwidth of the signals. This expression can
be simplified to

! (Aaf?+Abf+A

- 25T gF + O(max(81, 65)). (15)
To simplify notation, O(max(61,682)) will, henceforth, be
omitted in equations involving R; ;(7). Restating (15)

+W
Ry i(r) = / L ciaareansiao amife g
4] Jow 2W ¢

Rewriting this equation as

Roimy = ite [T L e smistrasn 16
() =e /7W W e =) df (16)
it can be seen that the coefficient Ab represents a time shift
and the coefficient Ac a phase shift in R; ;(7). The shape of
the cross-correlation envelope is thus controlled by the choice
of the quadratic coefficient Aa. Since we require the shape of
the cross-correlation function to be as flat as possible (Section
II-B), we must choose Aa appropriately. It is also of interest
to see what the maximum value of |R; ;(7)| will be and how
it relates to Aa. To investigate that, an additional result is
required.

Lemma (Continuity): R;; is a continuous function of
7, Aa, Ab, and Ac.
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Proof: Let

g(f,7, Aa, Ab, Ac) = el (Bal’+(ab2rr)+a0).

Then R; ;(7,Aa,Ab,Ac) = ffx gdf. g is continuous in
f, 7, Aa, Ab, Ac. For a fixed Aa, Ab, Ac, clearly
g(., 7 Aa, Ab, Ac): [-W,+W] — C is continuous and,
therefore, integrable for each 7 ¢ [‘Z—T Z] (C is the set
of complex numbers). Since ¢ is continuous on the closed
and bounded interval [-W, W], ¢ attains a maximum value,
say M(r) on [-W,+W]. |¢(f,7,.,.,)] < M(r) for all
f, 7. Applying the dominated convergence theorem to the
sequence of functions g,(f) = g(f,7.), it follows that R; ;
is continuous in 7. Proof for Aa, Ab, Ac is similar. O

Since R; ;(7) is a continuous function, so is |R; ;(7)|. This
means that max, <7 |R; ;(7)| exists and is finite.

Theorem: max| |<r |Rm( )| < 2.3(51/552)

Proof: Evaluating the inverse Fourier transform of (15)

(Appendix B)

Ris(r) = g3 3ag Clo0) + 38(a1) = Clao) - 8(a0)]

- exp {4 j [———(%T;Ab)z - Ac} } a7
where
o= [ ()
and

are the real and imaginary parts of a Fresnel integral and

2_((277 + Ab) + WAa) and 7o = / =5 (277 +

= nAa
) W Aa)
|Rij(r 2W\/—C(l1 ) +38(x1) = C(zo) — 5S(za)l-
(18)
MaX,, o e(—ooteo)|C(z1) — Clzo)]] < 1.6, Also,
Inaxxo,zl6(700,%»00)“5(11) - S(IO)” < 1.6. Thus
(C(a1) + jS(21) = Olao) = §S(wo)| < 2.3. O

Since 7 appears only in the limits of the function C(x) +
jS(x), the shape of |R;;(7)| is controlled by the func-
tion |C( ) + jS(x)| for a given Aa and Ab. Define x =
2.3(5t71/ 52 )- Then condition (2) is satlsﬁed The theorem
implies that max, <t |R; ;(7)| varies as m. The dependence
of this bound on the duration is through the term Aga, which
also depends on the bandwidth.

Corollary: For a given duration and bandwidth for the
signal set, the modulus of the cross-correlation between two
signals that are furthest apart along the semi-minor axis, in the
set is bounded above by \/TW
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Proof: For a given time-bandwidth product, the maxi-
mum separation between signals along the a; axis between
any two signals is between the ones at the end points of the
ellipse. For these two values of a;, b; is zero. Using (13),

a; = ZL. Thus, Aa = 255, From the Theorem

1

- < .
max 1B (M) <\ 7

IV. DESIGN OF CONSTANT TIME-BANDWIDTH PRODUCT
SIGNAL SET WITH UNIFORM CROSS-CORRELATION VALUES

As an example, the design of a signal set with all the
signals having a bandwidth of 30 kHz and duration of 1 ms
is illustrated here. This choice of the duration and bandwidth
was appropriate for a multibeam sonar imaging system that
transmits multiple signals simultaneously for fast imaging
rates. The time-bandwidth product of the system is then
30. The signal ellipse corresponding to this duration and
bandwidth product is chosen (Fig. 1). Starting with two signals
51(t) and so(t), (a1, by) and (ag,bs) are picked as shown
in Fig. 1. Aa(= a1 — ag) and Ab (= by — bz) to be used
in (16) are now available. Fig. 2 shows the cross-correlation
magnitude between s;(t) and s»(t). Note that the cross-
correlation magnitude is spread out over the support [T, T].
Now, another signal s3(¢) is introduced into the set. Fig. 3
shows the cross-correlation magnitude between s; and s3 [and
also s3 and s, by (16)]. It is clear that max, |R1 2(7)| <
max, | Ry 3(7)| and max, |R23(7)|. A fourth signal s4(¢) is
introduced into the set, and Rj 4(7) is computed (Fig. 4).
It is seen that max, |R12(7)] < max, |Rj4(7)| and also
Ry 4(7) looks like Ry (1), the auto-correlation of s;(t). This
is not surprising since it follows from the continuity (Lemma)
of the cross-correlation function in (16), in Aa and Ab.
Observing the behavior of R; j(7) with respect to Ab, it can
be noted that the position of the vertical line of symmetry in
Figs. 2—4 has shifted away from 7 = 0 by an amount that is
proportional to Ab [in agreement with (16)]. More important
is the observation that as Aa becomes larger, max. |R; ;(7)|
decreases and | R; ;(7)| becomes closer and closer to the ideal
cross-correlation function. Not suprisingly, for a given time-
bandwidth product, as the number of signals increase, the
separation among them decreases and therefore, the cross-
correlations between signals increase and x in condition (2)
increases.

Figure 5 shows the maximum value of the cross-correlation
function between s; with coordinates (a1, b1 ) and other signals
as the point (a;,b;) moves along the ellipse starting at the
bottom of the ellipse at coordinates (ag,b2) and going to the
top (a1,b1) along an counterclockwise direction, in equally
spaced steps along the a axis. As the point (a;,b;) moves
along, Aa (= a; — a;) reduces and the maximum value of
cross-correlation increases. The figure also shows that the
upper bound from the theorem (solid line) closely follows the
values of maximum cross-correlation for Aa’s that are not
very small. There are an infinity of a;’s and b;’s that can be
picked from the ellipse and the values of a;’s and b;’s that
would minimize (18) with (Aa = a; — a; and Ab = b; — b;
have to be determined. To do this, (18) can be differentiated
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Fig. 1. The relationship between the quadratic coefficients a; and b; for a

time-bandwidth product of 30.
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Fig. 2. Cross-correlation between s; and sy. It is nearly flat.

with respect to Aa and Ab and then the right-hand side of the
equation set to zero to solve for Aa and Ab that give minimum
|R; ;(7)|. This method is very unwieldy. Since the maximum
value of cross-correlation is not monotonic with a as can be
seen from Fig. 5, there is no straightforward rule to decide
which a;’s and b;’s to pick for an optimum (minimum values
of maximum cross-correlation) signal set. In this particular
case, the values of maximum cross-correlation seem to suggest
a ﬁ type overall trend, where p is some real number. One
rule that is reasonable, would be to pick signals that are as
far apart along the a-axis as possible. This would suggest a
linear equipartition of the axis, since any other scheme would
have smaller values of Aa between signal pairs in the set and,
thus, a larger figure of merit. So if there are N signals, the
a;’s for the signals are picked so that they are equally spaced
along the a; axis. Then the b;’s corresponding to these a;’s are
chosen. Once ¢;’s and b;’s are picked, the difference between

0.9 b

0.8f B

0.6 i

0.2 /"\/\ 1

‘-} -0. -0. -0. 0.2 0.4 0.6 0.8

4]
e x10°

-

Fig. 3. Cross-correlation between s; and s3 (and s and s$3).
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t(s) x10°

Fig. 4. Cross-correlation between s) and s4. As the signal s; moves closer
to s1, the cross-correlation between s; and s1 begins to look like the
auto-correlation of s1.

the quadratic coefficients can be computed to arrive values
for Aa and Ab. Having determined the quadratic coefficients,
the cross-correlation between the chosen signals can then be
computed. It is important to note that, in this scheme, the Aa
distance between signal pairs reduces exponentially as 71,v
where N is the number of signals in the set, whereas, the
maximum value of the cross-correlation function between any
two signals has a \/% trend.

Figure 6 shows the cross-correlation between signals in
various signal sets. The maximum cross-correlation values for
sequence sets shown in the figure are from the bounds given in
[1]-[3]. For sequences, if bandwidth is defined as the inverse
of a chip duration, then the sequence length is the same as the
time-bandwidth product. With finite system bandwidths, per-
formance of these sequences will be poorer than indicated. The
line represents the cross-correlation between two linear FM
signals, one sweeping up in frequency and the other sweeping
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Fig. 5. Maximum value of cross-correlation between signal pairs s1 (s;)
and s;, for various s;. The solid line is the upper bound from the theorem.

down in frequency. It can be shown that the maximum value
of cross-correlation between the two signals varies gs \/Q;TV
It can be seen that this outperforms all the other signal sets
and hints at a lower bound on the maximum cross-correlation
between signals in any set. The disadvantage is that there are
only two signals in the set. The design method elaborated here,
clearly shows the trade-off between the number of signals in
the set and the maximum cross-correlation between any two
signals in the set. For example, if there are only two signals
in the set (with a time-bandwidth product of 30), it performs
almost as well as the set consisting of only two linear FM
signals with the same time-bandwidth product. As a third
signal is included, the maximum value of cross-correlation
between the signals increases. If we use the linear equipartition
rule and introduce a fourth signal, then we find from Fig. 5
that the figure of merit is about 0.25. However, this set of four
signals is still better than the other sets in Fig. 6. A fifth signal
would increase this figure to almost 0.3. At this point however,
a subset of sequences selected from the Gold sequence set with
33 codes (a time-bandwidth product of 31) perform equally
well. It is therefore possible to construct a set of signals in
a systematic way, provided the number of signals required is
not large with correlation properties that are better than some
of the existing signal sets.

Let ¢ = maxy(max, |R; ;(7)|), where N is the signal
set size. The smaller o is, better the signal set is. As is
often the case, there is no need for a large family size.
Instead, there is a requirement for small signal sets with
as low a o as possible. It may be possible to select a
smaller subset (called optimal phases in literature [18]) of
Gold sequences or Kasami sequences, for an asynchronous
system. This is, however, a computationally intensive search
and becomes difficult for large sequence lengths or time-
bandwidth products. The design procedure outlined above
has two significant advantages over selecting families of
sequences. The signal set size determines o for a given time-
bandwidth product. The example showed the trade-off between
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Fig. 6. Comparison of signal sets: ¢ = Gold, K = Kasami,
P3 = prime-phase(3), P5 = prime-phase (5). For these signals, the
bandwidth was considered to be the inverse of the chip duration.

the number of signals and o. This is a systematic way to
arrive at the required signals, instead of searching through
large families for the appropriate signals. Another advantage
of this signal set over other signal sets, is that signals can be
designed for all time-bandwidth products, instead of certain
special ones, which is the case with sequences. This becomes
clear when, for example, in trying to design signal sets with a
time-bandwith product of say, between 31 and 60 or between
81 and 120, it can be seen from Fig. 6 that there are no good
sequences available. The disadvantage of this design procedure
is the exponential decrease in the Aq distance between signals,
as the number of signals increases.

V. SUMMARY

There are many applications where a family of signals with
flat amplitude spectrum and small cross-correlation values can
be used. Constraints imposed on the signals in the set were
formulated in Section II. It was then reasoned out what the
shape of the ideal cross-correlation function should be. It was
shown this functional form can be achieved with a quadratic
phase function as the Fourier transform of the signals. It
was found that the coefficients cannot be arbitrarily chosen.
Instead, there is a relationship between the coefficients of the
quadratic phase function and the duration and bandwidth of
the signals. It was shown that for a given time and bandwidth
for the signals, the quadratic coefficients lie on an ellipse.
The cross-correlation function was analyzed to see what the
best possible values for the quadratic coefficients were. It was
seen that the signals should be chosen such that the distance
between them along one of the axes of the ellipse is as
large as possible. Note that the values of maximum cross-
correlation between different signals is different. A signal set
construction procedure was outlined. An example illustrated
that signals separated by the largest a distance have the least
maximum cross-correlation value. This maximum is bounded
by the square-root of the inverse time-bandwidth of the signals.
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For a given time-bandwidth product, as the number of signals
in the set increases, the separation between them decreases
and the maximum value of cross-correlation between them
increases. A comparison of various signal sets with respect to
the maximum cross-correlation values brought out the relative
merits of the signal sets. The new signal set was shown to
outperform some other commonly used signal sets, as long
as the number of signals required was limited. It was also
indicated that new signal set also has the added advantage
that it can be designed for any time-bandwith product, unlike
any of the other signal sets.

APPENDIX A
Let
A — (%—51% Ifl < W
S0 = {57 [ AN
and
0:(f) = aif* +bif +ci.
From (10)
2o " uif 4 b2+ 008
7= g [ af v b+ 06)
2 2
=2 1106, (A2)
Restating (9)
w
@ = [ pIsr.
-w
Using (Al) in the above equation
2rW
= —— 4+ 0(8). A3
B 7 + 0(82) (A3)

From (A2) and (A3), neglecting O(63), the above equation

becomes
2
a; (ﬁ) +0} =+
T

which is (12).

APPENDIX B
Restating (15)

+W 1
Ri’j(T):/W ﬁe

) sz'ffdf + O(max(éy, 62))-

F(Aaf+Abf+Ac)

Let Ab = Ab + 2x. Then

Rij(r) =

1 w
2_1717{/ cos(Aaf? + Abf + Ac)df
-w

w
+j/ sin(Aaf? + Abf + Ac)df}
—-W

+ O(max(67,82)).

Here again, we have dropped O(max(61,82)) for simplicity
of notation. Using (7.4.38) and (7.4.39) in [17]

1 T Ab? — AaAc
RZ‘J‘(T) ::—ZT/V—{ —2-0,—|:COS (T)
2 /
. C(q/E(Aaf—i-Ab )>
C(b?% —ac
+sm< o )
S 2 A AY
: \/m( af + Ab')
S Ab? — AaAc
+ E{COS <—Aa )
» C(MWiTa(Aa]H—Ab’))

. [ AY? = AaAc
_gn [ 22— 292C
' Aa

~S<\/%(Aaf+Ab’)> }

where the notation f(x)|", implies f(W) — f(=W) and
Clz) = foxcos("'ztz)dt, and S(z) = fozsin(%)dt. The
equation above can be rewritten as

R )_L T Ab? — AaAc
si\T ToW 2Aa €08 Aa

- [o (,/W—za(aaf + Ab’))]
+ js(,%mwb/))

. (Ab’2—AaAc)
— jsin | ————

w

-W

Aa

-c(,/&(mﬁmﬂ)
+jS<\/7T—ia(Aaf+Ab’)>}

By combining terms in the above equation

w

-w

R; ;(7)

= ﬁ Z—Z:G[C(wl) +jS(1) = C(zo) = jS(x0)]

[

+ O(max(&l, 62))

which is (17) where

2
T =4/ m((??ﬁ' + Ab) + WAa)
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and

[3]

(4]

[10]
[11}

(12]

[13]

(14]

2
=4 — — WAa).
T =4/ WAa((Q?TT + Ab) — WAa)
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